Relativistic Ladder Operators for the Three-Dimensional Harmonic
  Oscillator by Ducharme, Robert J.
ar
X
iv
:0
90
5.
17
50
v1
  [
qu
an
t-p
h]
  1
2 M
ay
 20
09
Relativistic Ladder Operators for the
Three-Dimensional Harmonic Oscillator
Robert Ducharme
November 2, 2018
151 Fairhills Dr., Ypsilanti, MI 48197
E-mail: robert@faac.com
Abstract
The quantum constraint equations for a relativistic three-dimensional
harmonic oscillator are shown to find concise expression in terms of Lorentz
covariant ladder operators. These ladder operators consist of two conju-
gate 4-vectors that are each constrained to generate three linearly inde-
pendent combinations of ladder operator components for raising and low-
ering the eigenstates of the oscillator. Correspondence to the Schro¨dinger
equation for the harmonic oscillator in the non-relativistic limit is demon-
strated.
1 Introduction
Quantum Constraint Mechanics (QCM) is a generalized form of Hamiltonian
quantum mechanics that enables bound systems of interacting particles to be
described in a manifestly covariant manner [1, 2, 3]. QCM has been applied
to problems in nuclear [4, 5] and high-energy physics [6]. The purpose of this
paper to show the quantum constraint equations for a relativistic two-particle
harmonic oscillator having a total 4-momentum Pµ (µ = 1, 2, 3, 4) and total
mass M0 have a concise expression in terms of Lorentz covariant raising aˆ
+
µ
and lowering aˆ−µ operators. The forms of these relativistic ladder operators
are determined directly from the assumption that they reduce to the form aˆ±µ =
(aˆ±i , 0) in the rest frame of the oscillator where aˆ
±
i are the non-relativistic ladder
operators.
The quantum constraint equations for the relativistic 3-dimensional har-
monic oscillator are presented in section 2 of this paper alongside the solution
Ψ . Explicit expressions for the Lorentz covariant ladder operators are derived
in section 3. It is shown, in particular, that the set of quantum constraints on
Ψ can be written in the compact form PˆµPˆ
µΨ = −M20Ψ, aˆ+µ aˆµ−Ψ = nΨ and
Pˆµaˆ±µΨ = 0 where (n+
3
2
)Ω is the total (energy)2 of the oscillator and Ω is the
spring constant.
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In non-relativistic quantum mechanics there is one component of each of the
aˆ±i ladder operators for each orthogonal mode of oscillation. By contrast, in
the relativistic approach developed here, the Pˆµaˆ±µΨ = 0 constraint condition
reduces the number of independent components of aˆ±µ from four to three. The
three operators required for raising and lowering the eigenstate of the oscillator
are therefore linear combinations of aˆ±µ components. Explicit forms for these
linear combination operators are derived in section 4.
The 4-vector convention in this paper will be xµ = (x1, x2, x3, x4) and x
µ =
(x1, x2, x3,−x4). Natural units, c = h¯ = 1 will be used throughout.
2 The Constraint Equations
Consider a 3-dimensional oscillator consisting of two interacting particles each to
be represented using an index k(= 1, 2). Let mk, xkµ and pkµ denote the mass,
4-position and 4-momentum of each of the particles respectively. Following
Crater and Van Alstine [3] the center-of-mass and relative coordinates for the
system can then be expressed as
Xµ =M
−1
0 (ǫ1x1µ + ǫ2x2µ), Pµ = p1µ + p2µ (1)
xµ = x1µ − x2µ, pµ = M−10 (ǫ2p1µ − ǫ1p2µ) (2)
where the ǫ1 and ǫ2 parameters take the form
ǫ1 = (2M0)
−1(M20 +m
2
1 −m22) (3)
ǫ2 = (2M0)
−1(M20 +m
2
2 −m21) (4)
The operators for 4-momentum in these two coordinate systems are
pˆkµ =
1
i
∂
∂xµk
, Pˆµ =
1
i
∂
∂Xµ
, pˆµ =
1
i
∂
∂xµ
(5)
It will be further assumed that the oscillator is in a free state such that the total
momentum Pµ satisfies the relationship
PµPµ = −M20 (6)
where M0 is the total mass of the oscillator.
It is usual in QCM, to further define the internal constraint space coordinates
in both 4-position space
xµ⊥ = x
µ +M−20 P
µ(Pνx
ν) (7)
and 4-momentum space
pµ⊥ = p
µ +M−20 P
µ(Pνp
ν) (8)
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Pre-multiplying these results by Pµ gives
Pµx
µ
⊥ = 0 (9)
Pµp
µ
⊥ = 0 (10)
showing xµ⊥ = (x
1, x2, x3, 0) and pµ⊥ = (p
1, p2, p3, 0) in the rest frame of the
oscillator.
The scalar potential (energy)2 term for two interacting particles in a har-
monic oscillator can be written Ω2x2⊥ where Ω is the spring constant. The
relativistic wave equation constraining the wavefunction Ψ(xµ, Xµ) for two par-
ticles interacting through this oscillator potential can be expressed as
KˆTΨ = (pˆ
2
1 + pˆ
2
2 +m
2
1 +m
2
2 + 4Ω
2x2⊥)Ψ = 0 (11)
This clearly reduces to the sum of two free-particle Klein-Gordon equations
in the case Ω = 0. Use of eqs. (1) and (2) enables the KˆT operator to be
transformed into center-of-mass and relative coordinates giving
KˆTΨ = [Pˆ
2 +m2c + 4(pˆ
2 +Ω2x2⊥)]Ψ = 0 (12)
where mc = m1 + m2 is the combined mass of the two particles. A quantum
system of two particles implies the existence of two first-order constraints. For
the second condition, Crater and Van Alstine [3] find
KˆSΨ = Pµpˆ
µΨ = 0 (13)
Here, the operators for KˆT and KˆS commute meaning that energy is conserved
as the system evolves in a single time parameter.
Eqs. (12) and (13) have a separable solution of the form Φ(xµ) exp(iPµX
µ).
Use of eq. (6) to simplify the KTΨ = 0 constraint condition gives the internal
harmonic oscillator equation
(pˆ2 +Ω2x2⊥)Ψ = 2σΨ (14)
where the rest mass of the oscillator can be determined from the condition
M20 = m
2
1 +m
2
2 + 4σ +
√
[(m21 +m
2
2 + 4σ)
2 − (m21 −m22)2] (15)
It can be seen that eq. (15) gives M0 = mc for the free-particle case (σ = 0)
and M20 = m
2
c + 8σ for m1 = m2. The non-relativistic limit of this expression
is discussed at the end of this section.
Eq. (14) is readily solved to give the internal oscillator function
Φ(xµ) =
1√
2n
(
Ω
π
)3/4 i=3∏
i=1
[
1√
li!
Hli(
√
Ωx′i) exp
(
−Ωx
′2
i
2
)]
(16)
In this, Hli are Hermite polynomials and li = 0, 1, 2.... Inserting eq. (16) into
(14) gives
σ = Ω
(
3
2
+ n
)
(17)
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where n = l1 + l2 + l3.
Eq. (16) preserves its form under the general Lorentz transformation
x′i = xi + γvi
(
γvjxj
1 + γ
− t
)
(18)
t′ = γ(t− vjxj) (19)
(see ref. [3]) having set xµ = (xi, t). Here, vi is the velocity of the oscillator and
γ = (1− v2)−1/2.
The oscillator function (16) has been normalized using the condition∫
Ψ†Ψδ(M−10 Pµx
µ)d4x = 1 (20)
where δ(M−10 Pµx
µ) is the Dirac delta function restricting the oscillator to a 3-
dimensional constraint space. Here, the choice of constraint space is purely for
convenience and simply represents one possible choice of consistent convention
of how observers in different inertial reference frames make measurements.
In the non-relativistic limit (v ≪ 1, σ ≪ m2c) , the wavefunction Ψ loses
its dependence on the relative time t such that eq. (13) reduces to the form
∂Ψ/∂t ≃ 0. Also, the relativistic rest mass M0 given in eq. (15) can be ap-
proximated to give M0 ≃ mc + EK where EK = σ/mr is the internal kinetic
energy of the oscillator andmr = m1m2/mc is the reduced mass of the particles.
Inserting these results into eq. (14) leads to the Schro¨dinger equation for the
2-particle harmonic oscillator:
1
2mr
∂2Ψ
∂xi∂xi
+
1
2
mrω
2xixiΨ = EKΨ (21)
where ω = Ω/mr.
3 Ladder Operators
As is well known [8], the Schro¨dinger equation (21) can be simplified in terms
of the non-relativistic raising and lowering operators:
aˆ±i (xˆi, pˆi) =
1√
2Ω
(∓ipˆi +Ωxˆi) (22)
to give (
aˆ+i aˆ
−
i +
3
2
)
ωΨ = EKΨ (23)
Eq. (23) can also be written in the following equivalent form(
aˆ+i aˆ
−
i +
3
2
)
ΩΨ = σΨ (24)
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or even more concisely as
aˆ+i aˆ
−
i Ψ = nΨ (25)
Eq. (7) suggests a Lorentz covariant generalization of eq. (22) to be
aˆµ±(xˆµ⊥, pˆ
µ) =
1√
2Ω
(∓ipˆµ +Ωxˆµ⊥) (26)
In comparing, eqs. (22) and (26) it can be seen xˆµ⊥ replaces xˆ
µ but that pˆµ⊥ does
not need to replace pˆµ since eqs. (8) and (13) give pˆµ⊥ = pˆ
µ. It follows therefore
that eq. (26) reduces exactly to eq. (22) in the rest frame of the oscillator.
Evaluating the product aˆ+µ aˆ
µ− using eq. (26) gives
aˆ+µ aˆ
µ− = (2Ω)−1(pˆ2 +Ω2x2⊥ − 3Ω) (27)
This expression can be rewritten as(
aˆ+µ aˆ
µ− +
3
2
)
ΩΨ = σΨ (28)
having used eqs. (14) and (17). Here, it can be seen eqs. (24) and (28) are
identical in form except in passing from the non-relativistic to the relativistic
forms that µ replaces i as the summation index.
Hence, using eqs. (9), (26) and (28) to simplify the constraint eqs. (12) and
(13) leads to
PˆµPˆ
µΨ = −M20Ψ (29)
aˆ+µ aˆ
µ−Ψ = nΨ (30)
Pˆµaˆ±µΨ = 0 (31)
Eqs. (29) through (31) constitute a complete set of quantum constraint equa-
tions for the relativistic 3-dimensional harmonic oscillator expressed in terms
of the Lorentz covariant ladder operators (26). The first of these results is the
Klein-Gordon equation describing the oscillator in center-of-mass coordinates.
The second is clearly a Lorentz covariant generalization of the non-relativistic
oscillator eq. (23) and the third is the constraint on the aˆ±µ operators reducing
the number of independent components from four to three.
4 Raising and Lowering Operations
It is clear that each of the ladder operators aˆ±µ has four components but the
three-dimensional harmonic oscillator only has three independent modes of os-
cillation. In the rest frame of the oscillator, this is straightforward to interpret
since eq. (31) gives aˆ4Ψ = 0 meaning there is one component of aˆ
±
i for each
spatial mode of oscillation. The complication for a moving oscillator is that
aˆ4Ψ does not vanish. The Pˆ
µaˆ±µΨ = 0 condition must therefore be interpreted
as defining three linearly independent combinations of aˆ±µ components for the
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purpose of raising and lowering each of the three modes of oscillation. The task
ahead is to determine the explicit form of these linear combinations.
A good starting point for the present task is to consider of the general Lorentz
transformation equations:
aˆ±′i = aˆ
±
i + γvi
(
γvj aˆ
±
j
γ + 1
+ aˆ±4
)
(32)
aˆ±′4 = γ(aˆ
±
4 + viaˆ
±
i ) = 0 (33)
that rotates the 4-vector aˆ±′µ from the rest frame of the oscillator to a moving
frame where its components are denoted aˆ±µ . Notice from eq. (26) that eq. (32)
enables each of the components of aˆ±′i defined in the rest frame of the oscillator
to be expressed in terms of xˆµ⊥ and pˆ
µ operators in the moving frame. It is also
helpful to spot that eq. (32) can be simplified using eq. (31) to give
aˆ±′i = aˆ
±
i −
Piaˆ
±
4
(E +M0)
(34)
having set Pµ = (Pi, E). This result can also be expressed in the form
aˆ±′i =
1√
2Ω
[
∓
(
∂
∂xi
+
Pi
E +M0
∂
∂t
)
+Ωxi +Ω
Pi
M0
(
Pjxj
M0 + E
− t
)]
(35)
where the dependence on the xˆµ⊥ and pˆ
µ operators has been made explicit.
The explicit form of the oscillator function (16) can be written as
Φ =
1√
2n
(
Ω
π
)3/4
Φ1Φ2Φ3 (36)
where
Φi =
1√
li!
Hli
[√
Ωxi +
√
Ω
Pi
M0
(
Pjxj
M0 + E
− t
)]
exp
{
−Ω
2
[
xi +
Pi
M0
(
Pjxj
M0 + E
− t
)]2}
(37)
Clearly, it can be seen(
∂
∂xi
+
Pi
E +M0
∂
∂t
)[
xj +
Pj
M0
(
Pkxk
M0 + E
− t
)]
= δij (38)
where δij is the Kronecker delta. It follows from this result that
1
Φ
(
∂Φ
∂xi
+
Pi
E +M0
∂Φ
∂t
)
=
1
Φi
(
∂Φi
∂xi
+
Pi
E +M0
∂Φi
∂t
)
(39)
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Thus, applying eq. (35) to the oscillator function (36) it can be shown with
the help of eqs. (38) and (39) that the relativistic ladder operators have the
following set of properties.
aˆ−′1 Φ(xµ, Pµ, l1, l2, l3) =
√
l1Φ(xµ, Pµ, l1 − 1, l2, l3) (40)
aˆ−′2 Φ(xµ, Pµ, l1, l2, l3) =
√
l2Φ(xµ, Pµ, l1, l2 − 1, l3) (41)
aˆ−′3 Φ(xµ, Pµ, l1, l2, l3) =
√
l3Φ(xµ, Pµ, l1, l2, l3 − 1) (42)
for lowering the quantum state of the oscillator, alongside
aˆ+′1 Φ(xµ, Pµ, l1, l2, l3) =
√
l1 + 1Φ(xµ, Pµ, l1 + 1, l2, l3) (43)
aˆ+′2 Φ(xµ, Pµ, l1, l2, l3) =
√
l2 + 1Φ(xµ, Pµ, l1, l2 + 1, l3) (44)
aˆ+′3 Φ(xµ, Pµ, l1, l2, l3) =
√
l3 + 1Φ(xµ, Pµ, l1, l2, l3 + 1) (45)
for raising it. These fully relativistic expressions hold true in all inertial frames
of reference.
Eqs. (40) through (43) can be used to show
aˆ+′µ aˆ
µ−′Φ = nΦ (46)
Comparing eqs. (30) and (46) gives aˆ+µ aˆ
µ− = aˆ+′µ aˆ
µ−′ as is to be expected.
5 Concluding Remarks
It has been shown that the non-relativistic ladder operators aˆ±i , for raising
and lowering the eigenstates of the harmonic oscillator, have a straightforward
Lorentz covariant generalization aˆ±µ that reduces to the form (aˆ
±
i , 0) in the rest
frame of the oscillator. Two significant results follow. Firstly, the aˆ±µ opera-
tors enable the quantum constraint equations for the relativistic oscillator to
be expressed in a particularly concise form analogous to the simplification of
the Schro¨dinger equations for the harmonic oscillator in terms of aˆ±i opera-
tors. Secondly, the constraint to three dimensions is shown to generate three
independent linear combinations of aˆ±µ components for raising and lowering the
eigenstates of the relativistic harmonic oscillator. The explicit forms of these
linear combinations have been identified.
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